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System modeling is a complex and time-consuming task in engineering, and traditional model-based or
observer-based methods are unable to deal situations when the system models are unknown or affected by
elements such as temperature. As a result, it is critical to build model-free methods capable of iterative learning
and real-time updating. In this paper, a data-driven, model-free TD3-based algorithm is proposed. The neural
network is used to address the issue of dimensional explosion in the state and action space. Besides, each agent

can set a variable number of neighbors via virtual neighbor technology, giving the connection topology more
flexibility. What is more, the proposed controller is only constructed based on the consensus error, which
can quickly realize synchronization while consuming the least amount of energy. Finally, proofs and some
simulation examples are given to verify the efficiency of our algorithm.

1. Introduction

A multi-agent system (MAS) is a computing system composed of
multiple agents interacting in the environment. Since many complex
tasks, which are difficult for a single agent, can be completed by
MASs, the related technologies have received extensive attention in
recent years. As an important branch of artificial intelligence, swarm
intelligence technologies are being applied to many fields such as un-
manned aerial vehicle systems [1,2], smart grids [3,4], transportation
systems [5] and robots [6].

The consensus problem is one of the basic problems for various
MAS problems, such as formation control [7] and collaborative con-
trol [8]. Generally speaking, it can be divided into 2 parts: leaderless
MAS problem and leader-following MAS problem. The purpose of the
leaderless MAS is to synchronize the agents in a random state through
designed control policies [9-12]. In the case of the leader-following
MAS, the states of following agents will eventually synchronize with
that of the leader [13-16]. In other circumstances, however, simply
achieving synchronization is insufficient, specified performance indica-
tors, such as energy consumption, synchronization time and accuracy
need to be satisfied. And this kind of problem is called optimal syn-
chronization problem. So far, a series of studies in different aspects
like continuous-time MAS [17], discrete-time MAS [18], homogeneous
MAS, heterogeneous MAS [19] and formation control have been carried
out. Furthermore, optimal synchronization problems in many contexts

are also explored, including finite time [20], fixed time [21], time
delay [22], fault-tolerant [23-25] and so on. However, the methods
listed above are all model-based algorithms, which cannot be employed
if the model is unknown. Besides, these issues are complex and time-
consuming to solve through system identification or observer design.
Furthermore, the model can be affected by factors such as temperature,
magnetic field, pressure and component aging, which makes it difficult
to solve using model-based methods. Therefore, it is necessary to
develop data-driven, model-free algorithms.

Reinforcement Learning (RL) is a subfield of machine learning in
which optimal policies are found through interacting with the envi-
ronment and gaining experience via trial and error [26]. As a result,
RL methods produce innovative synchronization solutions. In 1991,
WerBos P J [27] proposed an adaptive dynamic programming (ADP)
method based on RL, policy iteration (PI) was firstly used to generate
the optimal policies. In 2014, integral reinforcement learning (IRL)
was constructed by Lewis [28,29] to solve the tracking problem for
partially unknown models. Besides, the RL methods were also used to
the H oo problems [30]. So far, the RL methods has been widely applied
in a variety of fields, including formation control, zero-sum games,
time-delay system and so on. Similarly, the RL methods also have a
wide range of applications in the field of MAS. By iteratively fitting
the controller parameters, the output-feedback ADP was introduced
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in 2010 to solve the consensus problem for discrete-time linear time-
invariant (LTI) MASs [31]. In 2014, a kind of RL-based controller was
constructed by Lewis [32] to provide solutions to the graphical games
for the discrete-time MASs. Mu [33] recently proposed a Q-learning-
based way to achieve consensus for discrete-time MASs, in which the
optimal controller is entirely built from the output data. It is worth
noting that all the solutions listed above require initial admissible
control policies, which still need part of the system’s information. So
they are difficult to implement in model-free situations. Furthermore,
as the state and action spaces expand, optimal policies will become
increasingly difficult to get through training, and this kind of problem
is known as “dimension explosion”.

In 2018, a model-free data-driven RL algorithm called the Twin
Delayed Deep Deterministic Policy Gradient Algorithm (TD3) [34] was
proposed. Using 2 types of 6 neural networks, this algorithm predicts
the value of the state and generates the optimal policies, resulting in
fast and excellent control performance. In this paper, the TD3 algorithm
is extended to MASs, and a kind of data-driven real-time optimal
synchronization method for model-free discrete-time leader-following
MASs is proposed. The following are the major contributions:

(1) The TD3 algorithm is extended to MASs. Each agent is equipped
with a homomorphic controller, which is constructed through
centralized training and decentralized execution. This approach
allows for parameter sharing among agents during training, which
can accelerate convergence speed. After training, each agent can
construct optimal policies based solely on its neighbors’ informa-
tion, enabling distributed control.

(2) The problem of different numbers of neighbors in MASs is solved
by virtual neighbor technology. Since the input dimension of a
fixed neural network structure is constant, single-agent RL algo-
rithm cannot be directly applied to MASs. In this paper, virtual
neighbors are added to agents with fewer neighbors to ensure that
each agent has the same input dimension.

(3) The proposed controller is highly flexible and robust due to its nu-
merous adjustable parameters. The proposed controller not only
addresses the issue of unstable control caused by system param-
eter changes due to environmental factors such as temperature
and pressure, but also allows for performance adjustments, such
as learning speed and robustness, based on specific requirements.

The structure of this paper is as follows: The background knowl-
edge of discrete-time MASs is introduced in Section 2, then the TD3
based algorithm is constructed in Section 3. In order to guarantee the
performance of the algorithm, the proofs of convergence and stability
are given in Section 4. Finally, some simulation examples are given in
Section 5 to show the training process and effect of the algorithm more
intuitively.

Notations: In this paper, the maximum eigenvalue and minimum
eigenvalue of matrix M are written as A, (M) and A.;,(M) respec-
tively. Matrix I is the identity matrix of order N, and matrix I, is a
2nd order identity matrix. V represents the gradient of the function and
® is the Kronecker product. The L, — norm o f the vector 4 is defined
as ||All. And M = diag{m,my,ms,...,m,} is the diagonal matrix with
my, my, ms, ..., m, as the diagonal elements.

2. Preliminaries
2.1. Algebraic graph theory

For discrete-time multi-agent systems, the topological structure can
be represented as G = (V, E, A), where V = {v,,v,,03,...,05} repre-
sents the agent set, which contains N agents. E = {(i,j) € V x V}
represents the edge set and N = {1,2,3,..., N} is the subscript set of
agents. Matrix A = {q;; € R™" | i,j € N'} is an nonnegative matrix,
storing the adjacency information of graph G, the element g;; is the
connection weight between agent i and j. If agent i can receive the
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Fig. 1. Examples of communication topologies for leaderless MAS and leader-following
MAS.

message from agent j, then q;; > 0, otherwise a;; = 0. Note that the
topologies discussed in this paper are directed weighted simple graphs,
meaning that a;; = 0,Vi,j € N. For each agent i, the neighbor set is
defined as N; = {j | v; : (v;,v;) € E,q;; # 0}, and the number of the
neighbors is | N;|. The in-degree and out-degree of agent i are defined
as d;,(v;) = ¥, a;; and d,,(v;) = X_, a;; respectively. The degree
matrix in this paper refers to the in-degree matrix, which is defined
as D = diag{d; | i = 1,2,3,..., N}. If the in-degree and out-degree of
all agents in graph G are equal, the graph G is a balanced graph. The
laplacian matrix of graph G is defined as L = D—.A, which stores all the
information of graph G. For any two agents i and j, if a set of directed
sequence {ay, ; > 0,a 4, > 0,5, 4, > 0,...,q; 4 > 0} exists, then the
directed path exists between these two agents. And if agent i can reach
any other agent in the graph G, the agent i is called the root node, and
the graph G is said owing a spanning tree.

The MAS synchronization problem is generally divided into two
parts: the leaderless MAS synchronization problem and the leader-
following MAS synchronization problem. Two examples are shown in
Fig. 1. As the special case of leader-following MASs, the agents in a
leaderless MAS generally synchronize to an uncertain state. For leader-
following MASs, the states of the following agents will be synchronized
with that of the leader. The connection matrix I' = diag{g; | i =
1,2,3,..., N} represents the connection weight between leader and
following agents.

2.2. Optimal synchronization problem

In this paper, the leaderless MASs are considered as a special case
of the leader-following MASs, and the synchronization problem is the
foundation of all other MAS problems.

2.2.1. The synchronization of leaderless MASs
For a leaderless MAS with N agents, the dynamic equation is as
follows:

x;(k + 1) = Ax;(k) + Bu,(k), i € N, 6))

where A € R™", B € R™" are the inherent matrices of the system,
u; € R™ is the control policies, x; € R" denotes the states of the agent.
The natural number in parentheses, such as k, k + 1, represents the
iteration number.

Remark 1. In this paper, the matrix pair (4, B) is stable and the
inherent matrix A can have stable, marginally stable, or unstable
eigenvalues. In fact, the complex state trajectory can better reflect the
performance of the control policies than the state trajectory that tends
to zero.

For leaderless MASs, the synchronization problem aims to bring all
agents to a common uncertain state, which can be defined as:

Jim flx; (k) = x; (Il = 0, Vi, j € N. (2)



Z. Liu et al.

Due to the lack of access to global information in distributed MASs,
agents rely on local communication to achieve synchronization. The
consensus among neighbors is the only way to achieve synchronization.
The consensus error for agent i can be defined as:

g(=Y a,(x;(k) - x,(k)), Vi € N, 3
JjEN;
where a;; is the connection weight between the ith agent and its
neighbors, and ¢; is defined as the consensus error for each agent i.
The global consensus error vector is defined as follows:
_ T T T T T
e=[g,65,65, ..., &n] . (€))

Thus we have:
e(k) = —(L ® I,)x;(k), %)

where x;,(k) = [x] (k), x] (k), xJ (k), ..., x}, (k)] is the state vector.
For model-based leaderless MASs, the control policies can be de-
signed based on the idea of optimal control [35]:

u;(k) = c(1 +d;)"'Ke,(k), (6)

where ¢ is the coupling gain and K is the feedback matrix, both of
them can be calculated based on the model information and topology
structure. d; is the in-degree of agent i. The Laplace form of control
policies is:

u(k) = c(Iy + D)"'Ke(k). @)

The control policy (7) permits the lowest energy consumption while
achieving synchronization, and the following is the energy consump-
tion function:

5= 3 3 (e (00 () +ul () Ruy (), ®

k=0
where the weight matrices Q and R are both symmetric positive definite
matrices. The communication energy consumption and enable energy
consumption are both considered in the paper.

2.2.2. The synchronization of leader-following MASs
For a leader-following MAS with N +1 agents, the dynamic equation
is as follows:
x;(k + 1) = Ax;(k) + Bu;(k), i € N'
xo(k + 1) = Axy(k) :
where x is the leader agent. The goal of this kind of system is that

the state of each following agent is ultimately the same as that of the
leader:

©)]

Jim [lx,(k) = xo(k)[| = 0, Vi € " (10)
The tracking error is defined as:
n = x5 (k) — xo(k), an

where x; (k) = [xT (k),xJ (k),x] (k), ..., x3.(k)]" is the states of all the
following agents at step k, and X,(k) = 1y ® xy(k) is the leader state
vector at step k.

Similar to leaderless MASs, not every following agent has access
to the leader’s information. The system synchronization can only be
achieved indirectly by synchronizing each agent’s state with its neigh-
bors, since the tracking error cannot be used to construct control
policies. The consensus error can be defined as follows:

g;(k)= Z a;;(x;(k) — x;(k)) + g;(xo(k) — x;(k)), Vi € N, (12)
JEN;
where g; is the connection weight between the following agent i and

the leader, if the following agent can receive the information from the
leader, g; # 0, otherwise g; = 0. Then we have:

e(k)=—(L+D)Q1,) x;,(k) + (L+T) @ I,) Xo(k), 13)

where I is the communication matrix between the following agents
and the leader.

Knowledge-Based Systems 287 (2024) 111430

\ 4

Fig. 2. The Riccati design circle and covering circle of the weighted graph matrix
eigenvalues.

Lemma 1 ([32]). If the topology matrix L + I is non-singular, then the
consensus error and the tracking error satisfy the following inequality:

[7(k) 1< (Amin (L + )G 14)

Remark 2. The convergence of tracking error can be guaranteed if the
consensus error converges to 0, which is a sufficient condition based
on Lemma 1.

If the model information is known, the control policies can be
designed as follows [35]:

u;(k) = (1 +d; + g)" ' Ke;(k), (15)
and it can be written as:
utk)=c (Uy +D+6)™" ® K) e(k), (16)

where the coupling gain ¢ can be calculated by the topology structure,
the feedback matrix K can be calculated by model information.

Remark 3. Define the weighted graph matrix as & = (Iy + D+ I')™!
(L + I, with {Ak|k =1,2,3,..., N} being the eigenvalues of it. The
covering circle C(c,,ry) of the eigenvalues should be radially scaled
and projected by the origin to a circle C,, which is concentric with
the Riccati design circle C(1,r) and contained in it. The mapping
relationship is shown in Fig. 2.

There are still some assumptions that need to be put forward, since
not only they are the basic assumptions of the above work, but also the
work in this paper obeys them.

Assumption 1. The inherent matrix A and B of MASs (1) and (9) are
time-invariant and unknown matrices.

Assumption 2. The matrix pair (4, B) is controllable.

Assumption 3. In leader-following MASs, the system topology has
at least a directed spanning tree, and at least one following agent can
communicate with the leader.

Remark 4. Assumption 3 is a sufficient and necessary condition for
the matrix L + I" to be non-negative.

2.2.3. The methods based on the Reinforcement Learning

As we can see, all the methods mentioned above are solutions
to model-based situations. However, the system information is not
available in all conditions. On the one hand, modeling and identifying
MASs are complex and difficult tasks that require a significant amount
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of time and effort, and the resulting models may not be accurate. On the
other hand, factors such as pressure, temperature, humidity, magnetic
field, and component aging caused by long-term operation will lead to
the change of the inherent properties. Then the control accuracy may
decrease, and the system may even be out of control. Therefore, it is
essential to develop data-driven, model-free adaptive algorithms.

Recent works on the synchronization of MASs or formation based
on RL have partially addressed the aforementioned issues. Based on the
idea of Q-learning [36], the Q function is constructed to estimate the
value of error-action pair:

Oy, Ap) = O(gg, A +a(R+ ymjlx(s;cﬂ,AkH) — O(gg, Ap)), a7z

where k is the iteration step, ¢ is the consensus error, A is the control
policies, @ and y are the discount factors, R is the step reward, O(g,, A;)
is the value of the error—action pair at step k. And the control policies
are those that can maximize the Q function.

Although the existing methods can iteratively obtain optimal control
policies in model-free conditions, they still require initial admissible
policies. This assumption severely limits the applicability of the men-
tioned methods since it assumes that the system model is actually
partially known in advance and can be synchronized. What is more,
due to the fact that the information is not independent and identically
distributed, the training process is slow and sometimes the policies
may diverge the system. In order to solve the existed problems, a
synchronization algorithm based on TD3 is put forward in this work.

2.3. Nash equilibrium solutions

In distributed discrete-time MASs, each agent can only obtain infor-
mation from its neighbors, so the global optimal policies need to game
between individual energy consumption and global energy consump-
tion to obtain the Nash equilibrium solution.

Lemma 2 ([37,38]). Nash equilibrium: If the MAS, which is driven by a set
of policies, reach the target state with the lowest global energy consumption,
then the system has reached the Nash equilibrium. The policies are called the
optimal policies under the Nash equilibrium, and the inequality is as follows:

s
1°

* £ * * £
Vi=V; az,a,A..,ai,...,aN)

i 1 a

(18)

al,az,ag,...,a,,...,a*j\l)‘

Lemma 3 ([37]). Admissible control: If a set of policies u(k) can not only
synchronize the leaderless MAS (1) and the leader-following MAS (9), but
also bound the loss function (8), then they are called admissible control
policies.

In fact, all control problems in MASs aim to find Nash equilibrium
through different kinds of control policies, while ensuring specific
performance indexes under certain situations.

3. Synchronization policies based on TD3
3.1. Virtual neighbors and network construction

Based on the Q-learning method [36], the proposed solution, which
can be seen as a type of value-based method, is going to estimate
the state value and indirectly generate the optimal policies. However,
the state space and action space are both infinite for discrete-time
MASs, which will lead to the explosion of dimensionality. The neural
network can be used to overcome it. Before constructing them, the
virtual neighbor is introduced first to solve the problem of inconsistent
input dimensions.

Based on traditional methods, the optimal policies can be con-
structed through consensus error. However, each agent in the MAS
has a variable number of neighbors, which results in different input
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Fig. 3. Schematic diagram of virtual neighbors (The red dashed circles are the virtual
neighbors replenished for each agent).

dimensions. Besides, the neural network requires a fixed structure
for training. Therefore, the input data should be preprocessed first.
As shown in Fig. 3, the virtual neighbor technology is introduced to
accomplish it. Selecting the agent with the largest number of neighbors
as the benchmark, then virtual neighbors will be added to agents with
fewer neighbors. Unlike the agents in real system, the virtual neighbors’
states are always synchronized with agent i, and no control policies are
required. During the data collection process, the state data of virtual
neighbors will be randomly inserted into the normal data. In fact, the
consensus error and control policies generated by the virtual neighbors
are all 0, which is the least impactful way for the value estimation and
policies generation.

The system flow chart is shown in Fig. 4 to visually depict the
data processing, and various parts of the controller will be intro-
duced in order. The critic net, which is actually a BP net, is used
to accurately estimated the value of the error-action pair. c_in =
[ng,eg, ,gz,a{,ag, ....,al]".m € 1, is the input, the net will output
the estimated value. The structure of it is:

Ly =r(Wic_in+ By)
Ly =r(W,L| + B,) 19)

0= r(VVnanc—l + Bnc)

where W, is the coefficient matrix, B; is the bias matrix, L, ; is the
hidden layer, i is the index of the layer. O is the output, nc is the
number of net layers, and r(-) is the relu activation function. In the
following part, the critic net and actor net will be represented as
O(e,al69) and r(|0”) respectively, and @ is the net parameter. Then

the Temporal-Difference target(7T D — target) is:
Vi =1y + 70441 411 109), (20)

where r; is the reward at step k, y is the discount factor, k and k+1 is
the step index. The T'D — target is the updating target of the critic net
O(e, a|69), which plays the same role as labels in supervised learning.
So RL is actually a kind of in-label supervised learning. Due to the fact
that the nets are updated in batches, the Mean Square Error (MSE) is
used to update it:

N

% ((rk +yQ(5k+1’ak+1|9Q)) —Q(Ek,akwg))z, 21)
k=1

L.=

where N is the batch size.
The actor net z(g|60”), whose aim is to find optimal policies that can
maximize the critic net Q(e, 7|09), is also a BP net. Its structure is as
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for each episode: 4
for each step: W

Actor

KN f
Policy gradient
w.rt 6"

Executive net
Parameter: 6™

Target net
Parameter: 6™

'y Store :
[} (gk! A, 7, £k+1)

Update 67

Soft Update

N = (&g, ag, T, €x41)
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Fig. 4. The flow chart of synchronization algorithm based on TD3 for discrete-time MASs.

follows:

L, =r(Wa_in+ B))
Ly =r(WoL; + By)

; , (22)

Lna = tal’lh(VVnaLna—l + Bna)
O = L,, X action_bound

T
£

where a_in =

[elT, .e'T.m € 1, is the input of the net, and
1, = {1,2,3,...,m} is the subscript set of the neighbor set. tanh(-) is
the tanh activation function, action_bound is the upper bound of the
policies. Different from the critic net Q(e, a|69), the output values will
be normalized first and then be zoomed in to the desired sizes, which
ensures that the generated policies are within the executable and safe
range.

Remark 5. The output value of most actuators is bounded, which
ensures the appropriateness of setting the action_bound [34]. Moreover,
the TD3-based solution learns how to stabilize the system from diver-
gent system data and then learns how to minimize energy consumption.
Thus, setting a reasonable action boundary is crucial.

Similar to e—greedy strategy, a normal distributed noise will be
added to the deterministic strategy of z(¢|67):

1 < x2>
exp | — s

2
2rc 20
where ¢ is the noise variance, which controls the exploration rate.

fx)=

(23)

Remark 6. Actually, the variance will decay with the iteration step in
the training process. A large exploration rate in the early stage helps
to explore the action space effectively, and a small exploration rate in
the later stage is more helpful for system stability.

Unlike policy-based methods, which generate optimal policies di-
rectly, the TD3-based method will develop policies aimed at maximiz-
ing the Q(e, a|#?) and hence achieving optimal control indirectly. The
value function is as follows:

Jy(zg) = / PP (©)0(e, n(e))de, 24
s

where S is the set of all possible situations, pf(¢) is the probability

of each event. Taking the derivative of Eq. (24) with respect to 6 of

z(¢|0™), we obtain:

Vor I p(mg) = /s pﬁ(E)ngr 7(€|07)Q(e, m(e))de 25)

=E,_ 0 [V,0 0)ymp(e) - Vor 7 (€]607)] .

The gradient of the 7(e|0™) can be unbiased estimated by averaging
the data in mini-batch based on Monte-Carlo Method [39], and Eq. (25)
can be written as:

Vordp(m) = (26)

2 [VIIQ(E’ a)|s=5k,a=7r(£k) - Vgr ”(£|0”)|5=gk s
k=1
where N is the number of the mini-batch.

Both the actor net and the critic net change at the same time since
the actor—critic structure-based algorithms are iteratively updated. As
a result, it is difficult to keep the nets stable in the face of changing
targets. The Target Net technology [39] is used to solve it: the target
nets Q’(e, a|oQ’) and o’ (e|9”’) are constructed with the same structure
and parameters as Q(e,a|09) and z(¢|0”), but they only take effect on
target value generation. Thus the Egs. (20) and (21) can be rewritten
as:

Yy =i+ 70 ey d),,169). @7)
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N
1 / 2
-5 k; ((re+ 70 Crars a1 109)) = Qs 69 ) (28)
After the MAS runs for several steps, the target nets will be up-
dated once using the Moving Average method, which can significantly
improve the net stability. The update equations are as follows:
62 =762 + (1 — r)0<’

, , 29
{e” =767 + (1 - 06" (29)
where 7 € [0, 1] is the moving update factor.

While updating the nets, the following policies which can maximize
the value of error-state will be used:

Oer = 0, +a [r +ymax Q' (e, d'162) — O, a|9Q)] VO, al09),  (30)

where a is the discount factor. Such a method leads to serious over-
estimation problem, resulting in relatively large consensus errors. The
double Q Network technology [39] is proposed to solve it. Two critic
nets with the same structure but different parameters can be con-
structed to evaluate the value, and the smaller one will be used to
update the nets.

What is more, in order to increase the stability of the value esti-
mation, the Target Policy Smoothing Regularization technology [34] is
proposed: a gaussian noise can be added to the strategy when 7’ (€]67)
is working:

T=a' (|6 )+ & &~ NO,cD), (€29)

where ¢ is the target-noise factor. This method will result in a more
conservative controller, with the noise space included in the stability
margin. Thus Egs. (20) and (21) can be written as:

. ~ !
yL =rgt }"T{gQi,(ekH’akH 16917). (32)

N
L = % Z — Oler. 4, 169))”. 33)

The delay Update technology [34] will be employed to improve
training efficiency even more. When critic nets are changing all the
time, it is inefficient and energy-consuming to find policies that maxi-
mize the value of error-action pairs. A good way is to update actor nets
after several updates of critic nets, where policy_freq is the parameter
used to record the number of delayed updates.

3.2. The value function and data processing

The proposed algorithm is a kind of centralized training and dis-
tributed control method. Given that each agent in the distributed
topologies may only obtain information from its neighbors, the con-
sensus error (3) or (12) will act as the input of the nets in order to
generate the optimal policies. According to Lemma 1, when the MASs
are synchronized, the consensus error tends to 0. Hence the opposite of
the tracking error can be used as the current state value:
||51T, ;, gl Ni||2

v, =- ~ : 34)

where N; is the number of the neighbors for agent i.

Remark 7. The design of the value function is critical in RL tasks
since it has a direct impact on the optimization results. In general, it is
designed by final performance indicators rather than intermediate fac-
tors. Otherwise, some unexpected optimization results may be acquired.
What is more, the consensus error is proportional to the control policies
for linear time-invariant MASs (1) and (9). If the control policies are
taken in to account, steady-state errors will occur with relatively small
policies, which is not what we want.
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For methods based on BP neural networks, the training data needs
to be independent and identically distributed. However, the state data
of MAS is time-dependent, leading to that the controllers are difficult
to stabilize. The replay Buffer technology [36] is introduced to solve
it. Before training the nets, a replay buffer will be built to store the
agent’s state, and the information of virtual neighbors is also randomly
inserted into the data. When the training begins, a certain batch of data
is detached. This method not only solves the problem of time-coupling
of data but also enhances the robustness of policies by including both
unstable and stable data.

If the critic nets are trained on error-action pairs with a wide range
of values, it may lead to inaccurate value estimations. Furthermore,
too big data has an impact on the neural network’s stability. As a
result, the tracking error and control policies will be normalized by
dividing by error_bound and action_bound. After that, the training speed
has also been improved to a certain extent. So far, all the structures of
the controller have been introduced. The algorithm steps are shown in
Algorithm 1 to show the running process more intuitively.

Remark 8. The TD3 based algorithm is suitable for both leaderless
and leader-following MASs, and the former can be regarded as a special
case of the latter. Furthermore, in this paper, the target nets’ updating
frequency and the delayed updating frequency of the actor net are the
same. Of course, the above two update frequencies can be changed
independently based on project requirements.

4. Proof of the convergence and stability

In this section, relevant proofs of convergence and stability of the
proposed algorithm will be given respectively to ensure the robustness
of the algorithm. The parameters of critic nets are updated by gradient
derivation method [39] as follows:

09 =09 + ay L) VO(es. 0, 109), (35)

where «a, is the learning rate of the critic net, Ly, is the MSE error
at step k, VO(g;, a,|09) is the gradient. And the above two parameters
determine the step size and direction of update respectively. Note that
the Target net technology and Double Net technology only affect the
convergence speed, but they have nothing to do with the synchroniza-
tion of the MAS, so we only need to analysis one critic net [34,39].
Since the critic nets try to minimize the MSE loss, which is proportional
to the target value y t, the following analysis will base on it.

4.1. Proof of convergence

Lemma 4. For Vk € N and Vs € N, the value of critic net Q(e, a|09) is
monotonous and non-decreasing under the driven of a set of policies a(k)
with a set of small initial values:

O (e, alt109) > 05 (e}, a}169) (36)
where k is the running step of the MASs and s is the iteration step.
Proof. Considering that the reward r is related to the consensus error

and policies at step k, the reward can be expressed as ri(eq, (€, |07)).
Then the T D — target can be written as:

vt = it e e T0M) + 10y (67 7 (e, 107169 37

Suppose that for Vk =0, 1,2, ..., the inequality (36) holds:

:+l s+1 5+l Qo s s o
Q7161001169 2 Q; (€7, 47,167, (38)

Then let k = ¢, the following inequality holds:

yf“ _ rs+l(£5+l Hl(g”l|9”))+er+1(£f+l’ f+1|9”)|0Q)
=max {ri(e],7° (] 107)} + 70", (&}, ., 7°(e},,107)|09)
> (el 7' (€]107) + Ol (€5 w7 (e 107)]69)
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Algorithm 1: TD3 Based Synchronization Algorithm

Initialize:

1. Initialize two critic nets and one actor net Qy.1, Qy2 and ry. with parameters 0c!, 6<% and 6~.

2. Initialize target nets Q' cl/’Q
net and the actor net.
3. Initialize the replay buffer R.

0

for r =1 to Episode do

for k =1 to step do

next step g,,,) to R.
target value y, = r, +ymin;_; ,0;" (g1, diy 169).
if the system runs for policy_freq steps, then

@ Update the target nets Q’Cl,,Q and n'; .

o<’
09 =709 + (1 — 7)0<
0" =107 + (1 - 1)0"

end

if the state of an agent exceeds the set state boundary, then
| Terminate this cycle and enter the next one.

end

end
end

. ! ! ’ s
and ﬂ; _, with the same structures and parameters 6V, 6% and 9" as the critic

Initialize the MAS environment.(Leaderless MASs or Leader-following MASs environment)

(1) Generate policies with gaussian noise aj{ = 7(¢x) + ¢, ¢ ~ N(0,52) for each agent and work on the MAS.
(2) Get the feedback from the environment and store the data (consensus error ¢,, policies a;, reward r, consensus error for the

(3) Extract a mini_batch data (g, ay,r, £,,;) from R, calculate the policies a = x’ (£|9”/) + &, ~ N(0,c?) for target, and calculate the

(4) Update the critic nets Qg1 and Q> by gradient boosting algorithm.

@ Update the act net x,, by deterministic policies gradient algorithm.
by Moving Average method:

=y (39)

According to the gradient derivation method, Eq. (36) holds at the finite
number of iteration steps. When k — oo, the reward r ~ 0. Let k = T,
suppose that when T — oo, then the following inequality holds:

07" (5. 4y 1109) 2 O3 (€7, a7 10). (40)
Thenlet k=T -1:

it = et T e 107) + 705 (7. 7 (67,167)169)

=max {r_ (]_ .7 (e]_ 107)} + y Q€5 °(£5.167)09)
>y (e ,,n%e; 167 +705 (57! 2 (e 107)169)
=0+707 (5", 77 (e51107)]69)

=y, (41)

According to Egs. (39) and (41), Eq. (36) holds in all the processes of
MASs operation. []

Theorem 1. Considering the leaderless MAS (1) and leader-following MAS
(9), if the communication topologies of them satisfy the Assumptions 1~3,
and they are driven by the act net (22) and the critic net (19) of TD3 based
algorithm, when s — o, the actor nets =°(¢|6%) and critic nets Q° (e, a|69)
will converge to the optimal act net z*(g|0”) and critic net Q*(e, a|09).

Proof. According to Lemma 4, the T'D —rarget (37) is monotonous and
non-decreasing, so its limit exists:

yp = lim yi, 42)

§—00

and the following inequality holds:

Yo 2,
=t M 2 0 + 703, (€5, 7 (e, 107)]09)
=max {r} (e}, 7' (e} [07)} + 70}, (e}, . 7° (e}, 167)]69), (43)

when s - oo:
¥ 2 max (KPR, (X 07) ) + 7O (€2, (€, 10)]09). (44
Due to the features of T D—target (37), an iteration step number P must

exists that can make the following inequality holds:

¥ <Py,

— P+1 P+1 P+1 P+1 P
=P+l €107y + 70l (€f, 2Pl )

£k+1 |9”)|9Q) =P (45)

07)[09) —
=max {r] (e . 2 (L 10"} + 707, (e, 7"

where p can be any constant, when p = 0:

v <max {rf (], xP 107} +vQf (e, 7 (€l 10M)169). (46)

Combining inequality (43) and inequality (46), we can get:

2 eg 10N} + 707, (ef . a”

According to the gradient derivation method, the value of error-action
will converge to a certain value. Thus the actor net will converge to a
certain structure:

yp = max {rf:(e (ekPH 167)169). (47)

0% (g, al09) = lim Q%(e, a|69). (48)
§—00

In order to ensure that the value of critic net 0% (e, a|09) is the
optimal value, it is necessary to prove that:
0%(e,a09) 2 Q*(e.al09), Vs = 0,1,2, .. (49)
Suppose that the inequality (49) holds when s = m
Yy = ey, 2" Ep10m) + vy e T e 107)109)

< max {r"(el", a"(e'07) } + kaH(EM,M(EM 167)169)

S0+701%, (6577 k+l|9”)|€Q)

=y (50)
When s = n,n — oo, we have

Vi = ri(ep, (e} 107) + v Q) (e 7" (€] 1107)109)
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< max {r} (e}, 7"} 107)} +rQ}, (€}, . 7" (e}, 16M)169)

= 04704, (6 75}, 107)169)

<YOR (e 7O (R, 107)]09)

=V (51)
According to inequalities (50) and (51), the inequality (49) holds.

Let a = a *, then:
Q’(.al09) < 0% (e.al6?) < Q% (e.a * [6°). (52)
And according to inequality (48), the value of critic net is minimum
when s — oo, then:
0%(e, al09) = 0% (e, al69), (53)
combining inequalities (52) and (53), the following equation holds:
0®(e,a|0°) = Slirgo 0°(e,al09)

=0%(e,a"109). O (54

4.2. Proof of stability

Theorem 2. Considering the Leaderless MAS (1) and Leader-following
MAS (9), if the Assumptions 1~3 holds, and the value of the error — action
pair and the policies are given by critic net (19) and actor net (22), the
consensus error (3) and (12) are asymptotic stable. Besides, when k — oo,
e—0.

Proof. According to Eq. (20), the following equation holds:
—re = ¥Q* (€41, 0, 109) — Q% (g4, a}169), (55)
then the Lyapunov Difference Function can be designed as:
A(r*0*(ey, ) = ¥ Q% (eg1. ), 109) — r* Q¥ (e, af109)

=k

<0. (56)

The inequality (56) shows that the consensus error is asymptotic stable:
when s — o0, e — 0, the states of all agents are finally synchronized. []

5. Simulation results
5.1. Simulation for leaderless MASs

Considering a linear time-invariant leaderless MAS with 5 agents,
the system matrices are designed as:

A [25x03¥ 1.9 _[15x0.02¢
- 24 2+01¥|" T T 0 ’

where ¥ is an environmental factor used to model the effects of
environmental factors on the system matrices.

The communication topology shown in Fig. 5 includes a directed
spanning tree, and the Laplace Matrix is as follows:

3.0 0 -3 0
0 2 -2 0 0
L=]0 0 1 -1 0
0 0 0 2 -2
0 -1 0 0 1

The max_state of the simulation environment is 1000, the max_action
is 1500, and the max_step is 500. All of them are set to ensure sufficient
space margin and time margin. A large enough operating space not
only provides sufficient data needed for net training, but also allows
the controller to gain experience through trial and error. Besides, the
initial states are randomly generated within the range [-20, 20].

The controller contains 2 actor nets and 4 critic nets. In addition
to the input layer and the output layer, each net contains 3 hidden

Knowledge-Based Systems 287 (2024) 111430

Fig. 5. The communication topology diagram of the leaderless MAS (In order to show
the topology more intuitively, the virtual neighbors are not shown).

Table 1

The hyper parameters of TD3 controller for leaderless MAS.
Variable Value Variable Value
max_s 1000 max_step 500
max_action 1500 max_initial s 20
Buffer size 1000000 alr 0.0002
clr 0.0002 7 0.99
T 0.005 policy_noise 0.02
g_initial_noise 0.5 noise_clip 0.1
batch_size 128 Episode 50
policy_freq 3

Table 2

The relationship between the parameters and the controller’s performance.

Performance Controller variables

Explore Space 1:max_state, max_action,
Buffer size, max_step,
max_initial_state,

Episode

Learn speed 1:a_learning_rate,
c_learning rate,

batch_size

Robustness 1: Explore Space(All),
policy_noise,
g_initial_noise,

noise_clip

|: Robustness(All)

Control accuracy

layers, and each layer has 256 neurons. All the parameters required for
training are shown in Table 1 for convenience.

The reward curve is shown in Fig. 8. The initial high rewards
in the first 9 episodes are due to the small initial values. At this
stage, the controller is still collecting data, and has not begun learn-
ing. As the episodes rises, the reward lowers sharply and fluctuates
rapidly, indicating that the controller is beginning to learn. The return
then gradually increases while the volatility decreases. At about the
32th episode, the reward grows sharply and the leaderless MAS is
synchronized, meaning that the controller has finished optimizing.

Remark 9. By initializing the neural network parameters with suitable
small values, the MASs can remain stable, collect more information for
training, and converge quickly. This kind of initialization method is
widely used in various neural network-related applications and does
not require any system information, yet can have similar effects to
admission policies [40,41].

Remark 10. The rich set of parameters makes the controller highly
robust and flexible, allowing for adjustment as needed. Table 2 presents
the main parameters and their impact on controller performance. 1 rep-
resents positive correlation, | represents negative correlation, Explore
Space (All) represents all elements of Explore Space, and Robustness
(All) represents all elements of Robustness.
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Fig. 6. The graph of agents states under 4 different returns on the leaderless MAS (Subgraphs (a), (b), (c), (d) are the states of agents when the reward r is approximately —125,
—-75, =35, 0, respectively.).
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Fig. 7. The graph of consensus errors under 4 different returns on the leaderless MAS (Subgraphs (a), (b), (c), (d) are the consensus errors of agents when the reward r is
approximately —125, —75, —35, 0, respectively.).
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8 grap 8 P P Fig. 9. The graph of energy consumption under 4 different returns on the leaderless

MAS.
4 performance curves under different return conditions are chosen
for analysis in order to depict the controller’s learning process more agents’ states can be maintained within a certain maximum value under
intuitively. The state curve is shown in Fig. 6. On the one hand, the a certain return, indicating that the controller has different levels of
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(b), (), (d) are the states of agents when the reward r is approximately —125,
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Fig. 11. The graph of tracking errors under 4 different returns on the leader-following MAS (Subgraphs (a), (b), (c), (d) are the tracking errors of agents when the reward r is

approximately —125, —75, —35, 0, respectively.).

control abilities. On the other hand, as the step increases, the states
of the agents gradually decrease at the 200th step and eventually
reach consensus, which shows that the proposed controller can achieve
synchronization control after learning.

As shown in Fig. 7, the trend of the consensus error is the same as
that of the state curve. As the reward grows, the consensus error at step
200 become smaller and smaller, meaning that the learning process is
to reduce the consensus error as much as possible, and finally realizing
synchronization.

As shown in Fig. 9, the energy consumption decreases as the re-
turns increase and ultimately reaches 0, indicating that optimal control
has been achieved. Besides, the oscillations gradually decrease, which
shows that MAS is becoming more and more stable. Furthermore,
the initial energy consumption is occasionally high, which is related
to the initial state of the intelligent agents. Energy consumption is
higher when the gap between their states is larger. Otherwise, energy
consumption will be lower.

5.2. Simulation for leader-following MASs

Considering a linear time-invariant leader-following MAS with a
leader and 5 following agents, the system matrix are designed as

10

Fig. 12. The communication topology diagram of leader-following MAS (The virtual
neighbors are not shown).

follows:
-2+04Y -1 1.5
T l2+01% 110.02'1']’ B_[’I’]' 57

The communication topology is shown in Fig. 12. The Laplace Ma-
trix is the same as that of the leaderless MAS, and the communication
matrix between the leader and following agents is I'=diag{1,1,0,0,0}.
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Fig. 13. The graph of consensus errors under 4 different returns on the leader-following MAS (Subgraphs (a), (b), (c), (d) are the consensus errors of agents when the reward r

is approximately —125, —75, —35, 0, respectively.).
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Fig. 14. The graph of the return changes with the episode steps of the leader-following
MAS.
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Fig. 15. The graph of energy consumption under 4 different returns on the
leader-following MAS.

The simulation environment is designed in the same way as the
leaderless MAS, with the same max state, max action and so on. In this
paper, we only discuss the homogeneous MASs, so the inherent matrix
of the leader is the same as that of the following agents. In addition, the
structure of the controller for the leader-following MAS is the same as
that of leaderless MAS, with most of the parameters being the same. The

11

parameters that need to be set separately are: a_learning_rate: 0.0003,
c_learning_rate: 0.0003, policy_freq: 2.

The reward curve is shown in Fig. 14. The leader-following MAS
has gone through the stage of data reserve, learning, and stability
stages, just like the leaderless MAS. The first stage has small losses due
to the small consensus errors, the second stage has severe losses and
significant shocks, and the third stage achieves optimal control.

Fig. 10. shows the state change of the leader and following agents.
Different from the leaderless MAS, the state trajectories of the leader-
following MAS are volatile, which means it is harder to synchronize.
On the one hand, the volatility of the states of the following agents
decreases with the increasing of the return and finally synchronized.
On the other hand, the states of following agents gradually approaches
that of the leader as the step increases, indicating that the controller
gradually learns to achieve synchronization. When r ~ 0, the system
will be synchronized under the policies generated by the controller.

The tracking error and consensus error are shown in Figs. 11 and
13 respectively. The volatility of above two errors are both decreased
as the reward increases. The tracking error is consistently smaller than
the consensus error, which can be attributed to the network topology
and communication weights. What is more, the errors is always kept
within a range under the same reward, and the range will decreases to
0 when r ~ 0, which shows that the controller is learning based on the
consensus error.

The energy consumption is shown in Fig. 15. As we can see, the en-
ergy consumption gradually decreases as the returns increase, demon-
strating that the controller is gradually learning to synchronize the
system with the lowest energy consumption. Besides, the experiment
shows that when r ~ —125, the energy consumption associated with the
leader-following synchronization task is approximately —7000, which
is significantly higher than that observed for the leaderless MAS. It
indicates that the leader-following synchronization task is more chal-
lenging. In addition, the initial energy consumption of the MASs may
be high due to their different initial states, which presents another
challenge that needs to be addressed.

Furthermore, an additional experiment has been added in the Ap-
pendix to ensure the applicability of the proposed algorithm on practi-
cal platforms.

6. Conclusion

In this paper, the synchronization problem of two types of discrete-
time linear and time-invariant MASs are considered, and a TD3 based
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Fig. 16. The communication topology diagram of the leader-following MAS for the
practical platform (The virtual neighbors are not shown).
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Fig. 17. The graph of the return changes with the episode steps of the leader-following
MAS for the practical platform.
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Fig. 18. The graph of state change on the leader-following MAS for the practical
platform when r ~ 0.

method is proposed. 4 critic nets and 2 actor nets are designed to
evaluate the value of the error-action pair and generate the optimal
policies, respectively. After a period of training, the MASs can achieve
synchronization with the lowest energy consumption. The proposed
method not only avoids the time-consuming system modeling, but
also overcomes the problem of dimensional explosion and removes
the limitations of the same number of neighbors, giving it a wide
range of applications. Besides, the real-time learning ability increases
its robustness. The proofs of convergence and stability are also given
to provide theoretical guarantees. Finally, some simulation cases are
shown to verify the effectiveness of the algorithm. In the future, we
will consider using deep reinforcement learning methods to solve prob-
lems related to multi-agent formation and investigating fault tolerance
control strategies.

12

Knowledge-Based Systems 287 (2024) 111430

Table 3
The table of basic information for the experimental platform.

Platform Configuration

Jetson Xavier NX Computing Power: 21 TOPS

CPU: Six-core NVIDIA Carmel ARM v8.2 64-bit

GPU: NVIDIA Volta architecture, 384 NVIDIA CUDA cores,
48 Tensor cores

Storage: 64 GB

Memory: 8 GB DDR4

Usage: Drones, Unmanned Vehicles

Motherboard: SIMB-A683

CPU: 4th Generation Intel Core i5
Chipsets: Intel H81

Memory: 16 GB DDR3*2

Storage: 512 GB

Usage: Robot arms, assembly lines, robots
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Appendix

In order to fully demonstrate the practical applicability of the pro-
posed algorithm, some experiments are conducted on various physical
platforms. The platform information is shown in Table 3. Experiments
have shown that the proposed algorithm can perfectly run on both of
them, and the experimental results on Platform 1 will be shown below:

Considering a linear time-invariant leader-following MAS with a
leader and 5 following agents, the system matrices are designed as
follows:

0.985 +0.01¥

—0.09887 + 0.002¥
" 10.9887 + 0.001%

0.985

U4
where ¥ is an environmental factor. The communication matrix be-
tween the leader and following agents is I = diag{1,0,0,1,0}, and the
Laplace matrix is:

B= [0.8 + 0.15'[’] ’

1 0 0 -1 0
-1 1 0 0 0
L=(0 -1 1 0 0].
0 0 -1 1 0
0 0 0o -1 1

The system topology is shown in Fig. 16. The controller parameters
are set to be the same as those in Section 5.2 for the leader-following
controller, except that the buffer size is set to 10 000.

As shown in Fig. 17, through going through 3 stages: data collection,
fast learning, and stable control on the practical platform, the system
reward reaches its maximum value. The state changes are shown in
Fig. 18. When r = 0, the agents achieve synchronization. In addition,
the consensus error and tracking error also reach their minimum values,
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Consensus error for R=0

Fig.
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19. The graph of consensus errors on the leader-following MAS for the practical

platform when r =~ 0.

Tracking error for R=0

Fig.
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20. The graph of tracking errors on the leader-following MAS for the practical

platform when r ~ 0.

Energy consumption

Fig.
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21. The graph of energy consumption on the leader-following MAS for the

practical platform when r = 0.

whi

ch are shown in Figs. 19 and 20 respectively. The energy consump-

tion shown in Fig. 21 also reaches its minimum value at the same time.

The

refore, the proposed algorithm can achieve optimal synchronization

control on different practical platforms.
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